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Motivation:  
water in exoplanets 

¡  « There appears to be a clear 
need to extend this work to 
deal with high temperature 
collisional broadening by 
hydrogen molecules. In the 
case of water, it would 
appear that broadening of 
the pure rotational transitions 
is of particular importance. » 

Water in exoplanets 2757
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Figure 3. Transmission of stellar flux through a water vapour-containing planetary atmosphere as a
function of the pressure of H2 at a notional fixed temperature of 1500K. (Online version in colour.)

Figure 2 shows the BT2 water absorption coefficients as a function of
temperature: they clearly do not follow a power law (equation (4.1)) as a function
of l as proposed by Shabram et al. [88]. The only opacity following a power law
as a function of l is the Rayleigh scattering, behaving as ∼ 1/l4. In contrast the
water cross section depends not only on temperature but also on pressure, figure 3,
and the curve of growth of spectral lines. Therefore, this simple approximation
does not necessarily apply, even for small regions of the water spectrum at a
single given temperature, as assumed by Shabram et al. [88]. As a consequence
equation (4.2) should not be used to calculate the transmission spectrum of an
exoplanet, as it is not physically meaningful for molecular opacities.
Figure 3 is an attempt to estimate the effect of pressure on the absorption

spectrum of water at elevated temperatures. These models used HITRAN 2008,
since this database unlike the other linelists discussed above contains pressure
broadening parameters. Models were performed at a single temperature, 1500K,
but for a range of pressures for constant water column of 10−5 km amagat. They
clearly show sensitivity to pressure effects particularly at long wavelengths where
the majority of transitions are due to rotational excitation. HITRAN pressure
parameters are actually for air (and self) broadening. There have been recent
attempts to extend these parameters to the higher levels encountered in hot
spectra [90,91], but work on line-broadening by H2 has largely concentrated
on low-temperature [92,93] and room temperature applications [94,95]. There
appears to be a clear need to extend this work to deal with high temperature
collisional broadening by hydrogen molecules. In the case of water, it would
appear that broadening of the pure rotational transitions is of particular
importance.
We have investigated the fraction of the stellar IR flux occulted by the planet

during the primary transit as a function of wavelength as predicted by our
simulations. For this, we simulated a planet similar to HD 209458b with an
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Line shapes 

¡ Line shape is determined from broadening 
mechanisms: 

 1. Natural line width from Heisenberg’s uncertainty 
 principle (negligible)  

 

 2. Doppler (thermal) broadening 

 

 3. Pressure (collisional) broadening  

  



Collisional broadening 

¡  Broadening parameter (HWHM), e.g. in MHz/Torr 

(1 cm-1 = 30 GHz / 1 atm = 760 Torr) 

 

¡ Collisional line broadening causes Lorentz line 
shape: 

j2 because they have been summed and averaged over the H2 rotational
populations:

kin
pH2

(f ← i;T ) =
∑

j2,j′2 even

ρ(j2)k
in
pH2

(f, j′2 ← i, j2;T ), (7)

and
kin
oH2

(f ← i;T ) =
∑

j2,j′2 odd

ρ(j2)k
in
pH2

(f, j′2 ← i, j2;T ), (8)

where ρ(j2) are the (normalized) Maxwell-Boltzmann populations of each H2

spin species and kin
pH2

(f, j′2 ← i, j2;T ) and kin
oH2

(f, j′2 ← i, j2;T ) are the state-
to-state inelastic rate coefficients, as computed by Yang et al. [24] and by
Daniel et al. [23]. The thermalized inelastic rate coefficients, Eqs. 7-8, are
available online at the LAMDA website1. The data cover the temperature
ranges 5–1500 K and 2–3000 K and include the lowest 90 levels of H2O (45
para-H2O and 45 ortho-H2O) and 41 levels of CO, respectively. We have
found that expansion of the basis to at least 10 energy levels beyond the
desired quantum number range is necessary for convergence of the sums in
Eq. 3 to better than 10%. In practice, we have therefore restricted the
broadening data to the lowest 71 (J < 10) and 31 (J < 31) levels of H2O
and CO, respectively. It should be noted that in the case of CO, para-H2

and ortho-H2 were restricted to their lowest j2 = 0 and j2 = 1 levels in the
calculations of Yang et al. [24]. As there is only a small difference between
the inelastic cross sections for H2 in j2 = 1 and in j2 > 1, we weight the
j2 = 0 cross sections with the thermal distribution of j2 = 0 and the j2 = 1
cross sections with the thermal distribution of all levels with j2 ≥ 1.

Finally, the cross sections were converted to the normalized halfwidths at
half maximum (HWHM), i.e. the broadening parameters γ(f ← i;T ), using
the relation:

γ(f ← i;T ) =
v̄σPB(f ← i;T )

2πkbT
= 2.236

σPB(f ← i;T )√
µT

, (9)

where the cross section is in Å2, the temperature is in K, µ is the reduced
mass in amu and γ(f ← i;T ) is in MHz/Torr. The reduced masses were
taken as 1.812774 and 1.880287 for H2O–H2 and CO–H2, respectively.

1http://home.strw.leidenuniv.nl/~moldata/
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σin(f, vf ← i, vi;T ) " σin(f, vi ← i, vi;T ) (1)

σin(f, vi ← i, vi;T ) ∼ σin(f, v0 ← i, v0;T ) (2)

σPB(f, vf ← i, vi;T ) ∼ σPB(f, v0 ← i, v0;T ) (3)

f(ν − ν0) =
γ/π

(ν − ν0)2 + γ2
(4)

Line Transition Frequency γ(H2) (MHz/Torr)
number (J ′K ′

aK
′
c) ← (JKaKc) (cm−1) Band Exp. Calc. Diff. (%)

1 101 ← 110 7182.20910 2ν1 3.282 2.776 15.4
2 202 ← 303 7181.15570 ν1 + ν3 - 2.728 -
3 212 ← 313 7182.94955 ν1 + ν3 2.872 2.680 6.7
4 303 ← 322 7175.98675 ν1 + ν3 2.923 2.623 10.3
5 515 ← 514 7165.21504 ν1 + ν3 2.690 2.180 18.9
6 660 ← 661 7185.59600 ν1 + ν3 1.696 1.313 22.6
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Voigt profile 

¡ When Lorentz width becomes 
comparable to Doppler width,  
the broadening effects must 
be convolved to get the 
Voigt line shape. 

 

¡  Extensively used to model line 
shapes in the Earth’s and other 
atmospheres 

Voigt Profile
When pressure broadened Lorentz halfwidth becomes comparable to Doppler width,
the broadening effects must be convolved to get the Voigt line shape:

fV (ν − ν0) =
a

π3/2αD

� +∞

−∞

e−y2

(x− y)2 + a2dy

where a = αL/αD and x = (ν − ν0)/αD.

There is no simple analytical function for the Voigt profiles, so various approxi-
mations are used.

In the line wings the Voigt profile has a Lorentz shape. At the line center or core,
it has a Doppler behavior.

Line profiles: A is Lorentz, B is Doppler, and C is Voigt profile resulting from convolution of A
and B. [Lenoble, Fig. 6.1]
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Theory of broadening 

See also: 

¡ A. Ben-Reuven Adv. Chem. Phys. 33 235 (1975)  

¡ D. Robert & J. Bonamy J. Phys. 40 923 (1979) 

¡  J. Schaefer & L. Monchick J. Chem. Phys. 87 171 (1987) 

PHOTOELE CTROMAGNETI C AN 0 P HOTOCON DU CTI VE EF F E CTS 855

and Sah and Shockley" have indicated how r and Tp
can be obtained when there is more than one trap level
in the forbidden gap.
At surfaces where surface recombination is important,

one may put, for the components of the carrier current
densities perpendicular to that surface,

J„=—Js,——ests„= epso,
in analogy with (2); these boundary conditions define
the surface recombination velocities s and s„, which,
of course, may or may not be equal.
As a final application of the theory, consider the case

of the steady-state PEM current when the light is
absorbed in the bulk within a distance which is at
least comparable to carrier diGusion lengths but which
is still small compared to the thickness of the sample.
For this purpose, it is convenient to de6ne what might
be called the "effective ambipolar magnetic diffusion
length, "

Dr pEM(1+c)
1+/2+2+ gc (].+@2+2/$2)

With no magnetic field, J~~ reduces to the diffusion
length of the minority carrier in an extrinsic semi-
conductor. Also, for the case when light is strongly
absorbed at the surface of the material, the PEM cur-
rent. , as given by Eq. (4), can be written as

"C.T. Sah and W. Shockley, Phys. Rev. 109, 1105 (1958).

(i pEM= ( 1+—(eIpBLo
fs)

If light (assumed to be monochromatic, for simplicity)
is absorbed in the bulk, however, the term

eIrr e—xp (—uy)
must be added to each of the right-hand sides of the
recombination relations (2), representing the volume
generation of electron-hole pairs by the light. Here, n is
the optical absorption coefficient and y is the coordinate
in the direction perpendicular to the illuminated surface.
The PEM current is then found to be given by

1p nLn*
sp,M ——

~
1+- ~crt OLD' . (10)
b) 1+otLn*

When crLz*))1, (10) reduces to the expression (9), as it
should, since the physical meaning of O,JD*)&1 is that
the absorption of light takes place within a distance
much smaller than the effective diffusion length J~*,
i.e., the light is absorbed "at the surface. " In short,
(9) and (4) are a special case of (10).
The purpose here in exhibiting (10) is to show more

clearly how lifetimes enter in steady-state diffusion
processes, namely, by way of the effective diffusion
length Lo~. It is Lo* (evaluated at the appropriate
magnetic field) which determines the steady-state be-
havior of the PEM effect, the p-rt junction effect, and
other diffusion phenomena.
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General Impact Theory of Pressure Broadening*

NOVEMBER 1, 1958

MICHEL BARANGER
Carnegie Institmte of Technology, Pittsbttrgh, Pennsylvania, and the RAlgD Corporation, Santailgonica, California

(Received Juiy 8, 1958)

The work of two previous papers is extended and a theory of pressure broadening is developed which treats
the perturbers quantum mechanically and allows for inelastic collisions, degeneracy, and overlapping lines.
The impact approximation is used. It consists in assuming that it takes, on the average, many collisions to
produce an appreciable disturbance in the wave function of the atom, and it results in an isolated line having
a Lorentz shape. Validity criteria are given. When the approximation is valid, it is allowable to replace the
exact, fluctuating interaction of the perturbers with the atom by a constant effective interaction. The eRee-
tive interaction is expressed in terms of the one-perturber quantum mechanical transition amplitudes on a,nd
near the energy shell and its close relationship to the scattering matrix is stressed. The calculation of the line
shape in terms of the effective interaction is the same as when the perturbers move on classical paths.
Results are written explicitly for isolated lines. If the interaction of the perturbers with the 6nal state can
be neglected, the shift and width are proportional to the real and imaginary part of the forward elastic
scattering amplitude, respectively. By the optical theorem, the width, can also be written in terms of the
total cross section. When the interaction in the Gnal state cannot be neglected, the shift and width are still
given in terms of the elastic scattering amplitudes, in a slightly more complicated fashion. Finally, rules
are given for taking into account rotational degeneracy of the radiating states.

i. INTRODUCTION
' 'N two previous papers, ' the theory of pressure
~ - broadening has been extended in two diferent
*This work-was supported at RAND by the U. S. Atomic

Energy Commission; at the Carnegie Institute of Technology, it
received partial support from the Once of Naval Research.' M. Baranger, Phys. Rev. 111, 481 (1958), referred to as I.

directions. In I, it was shown how .the motion of-the
perturbers can be treated quantum mechanically, and
the width and shift of the line were expressed in terms
of the quantum-mechanical scattering amplitudes. But
M. Baranger, Phys. Rev. 111,494 (1958), referred to as II. Many
of the results of II have also been obtained by A. C. Kolb and
H. Grietn, Phys. Rev. 111, 514 (1958).



General framework 
¡  Born-Oppenheimer approximation 

 

¡ Collisions are considered as binary 

¡  The collision time is much shorter than the time 
interval between collisions 

¡ No line mixing effects occur 



Two equivalent formulae 
(see Baranger’s paper) 

¡  1) Coupling of elastic S-matrix elements  
 

                               […]  

¡  2) Inelastic and elastic contributions  
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FIG. 2. Experimental points ( + + and ¢¢) [Ref. 17(a) 1 and theoretical 
curves of the differential scattering cross section of HD + D2 at a relative 
kinetic energy of 45.4 meV. The upper curve and points are the elastic cross 
section j, and j2 = 00-00 where j, and j2 are the rotational quantum 
numbers ofHD and D2. The lower set of points and theoretical curve denote 
the inelastic cross section forj,j2 = 00-10. 

to the rigid rotor approximation, we have retained only two 
fixed values of the H-D amd H-H distances. 

B. The HD-He interaction surface 
In previous calculations, ab initio calculated potentials 

of Meyer, et al.n were used to oonstruct a three-term Le-
gendre polynomial expansion grid for the Hz-He system 
which includes a proper representation of the variation of 
the potential with intramolecular H-H distances in the 
range 0.9-2.0 a.u. Several sensitive tests of this Hz-He po-
tential, i.e., comparisons of calculated and measured NMR 
relaxation, depolarized Rayleigh and Raman line shape 
cross sections,z3 second virial coefficients,Z4 and collision-

I 

j; andjv are quantum numbers of the initial and final rota-
tional states of the radiative transition, j2 and ji rotational 
quantum numbers of the bath molecule,.u:J and] resultant 
quantum numbers of the rotational states of the two mole-
cules, I and I' orbital angular momenta quantum numbers of 
the collision, and J and J total angular momenta, S' and s'. 
are S matrices evaluated at different total energies but at the 
same relative kinetic energy: 

Erel + = 2;' = E;otal - Erot (j;) - E rot (jz) 

fzZk 2 

re 2J.t 

= E{otal - E rot (jf) - E rot (jZ)' (2) 

induced absorption coefficients24 have been carried out. 
Generally, quantitative agreement has been found between 
theory and experiment with the exception of rotational re-
laxation cross sections (for a discussion of this c.f. Ref. 23). 

A six-term Legendre polynomial expansion grid was ob-
tained for the HD-He system by transformation of the H2-
He potential. A test of the HD-He potential particularly 
relevant to this paper is a successful comparison of calculat-
ed23 and measured25 ratios of a (0--+ 1)/0'(0--+0) for HD-
He collisions at 30.9 meV. Other tests of the HD-He poten-
tial have compared measured and calculated values of effec-
tive gas kinetic cross sections governing magnetic field 
effects (Senftleben-Beenakker) in viscosity, heat conductiv-
ity, diffusion, flow birefrigence, and collisional broadening 
of depolarized Rayleigh scattering.26 It is suggested that 
these tests, which were uniformly successful and satisfying, 
indicate the high accuracy of this potential. Centrifugal 
stretching effects, which are especially important for the cal-
culation of line shift cross sections,9 should be reproduced 
fairly reliably by the HD-He potential. 

III. CROSS SECTION FORMULAS 
The pressure broadening line shape cross section may be 

calculated with the Ben-Reuven-Fano-Baranger formal-
ismS using the explicit formula of Ben-ReuvenB in which the 
rotational angular momentum of the bath molecule is first 
coupled to the orbital angular momentum of the collision 
and the resultant is then coupled to the rotational angular 
momentum of the radiating molecule. In scattering calcula-
tions, however, the coupling order is usually to couple the 
orbital angular momentum to the resultant of the two rota-
tional angular momenta. The explicit formula using the lat-
ter coupling has been derived several times lO,27,28; for an iso-
lated radiative transition, it takes the form 

(1) 

J.t is the reduced mass, k the wave number, {:::} is a six-j 
symbol,29 and q = 1 for a dipole transition, and 0 or 2 for a 
polarized or depolarized Raman line.30 

With a two-relaxation model, 10 the line shape for isolat-
ed lines at moderate pressures can be approximated by 
1T- 1 ReSit(k,cu), where 

Sit (k,cu) = {[ - icu + iculf + 1 k z (Re cur )-\ 

+ cua ] -I}lf' (3) 

where cu and k are the frequency and wave number of the 
radiation, culf is the fundamental frequency of the transition, 
CUr is the Dicke narrowing frequency, and 2 Re CUa and 
- 1m CU a are rotational pressure broadening linewidth and 
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between the RPA, close-coupling calculations and broadening measurements
are presented in Sect. 3 for both water and carbon monoxide. Conclusions
are drawn in Sect. 4.

2. Theory

Within the impact approximation, which assumes that the collision time
is much shorter than the time interval between collisions, the pressure broad-
ening cross section σPB(f ← i;Ecoll) of an isolated line f ← i can be expressed
as a function of elastic scattering S-matrix elements within the quantum
close-coupling (CC) approach [17]. Explicit formulae have been derived sev-
eral times and can be found in e.g. [11]. Alternatively, the pressure broad-
ening (PB) cross section can be related to the total inelastic state-to-state
cross sections and to a pure elastic term via the optical theorem [17]:

σPB(f ← i;Ecoll) =
1

2

[
∑

f ′ !=i

σin(f ′ ← i;Ecoll) +
∑

f ′ !=f

σin(f ′ ← f ;Ecoll)

]

+

∫
|fi(Ω;Ecoll)− ff (Ω;Ecoll)|2 dΩ, (1)

where σin(f ′ ← i;Ecoll) and σin(f ′ ← f ;Ecoll) are ordinary inelastic state-
to-state cross-sections, fi(Ω;Ecoll) and ff (Ω;Ecoll) are the differential elastic
scattering amplitudes and dΩ is the element of solid angle. The elastic con-
tribution, which includes both reorientation and dephasing effects, is strictly
zero only for isotropic Raman Q lines. It is also ignored within the RPA
[18] but it cannot be neglected a priori. This was shown remarkably by the
measurements of Ball and De Lucia [19] where elastic collisions were found
to dominate the broadening of H2S by He below 40 K.

Recently, the RPA was also found to fail in the case of the broadening
of H2O by H2 below about 200 K [11]. The substantial role of elastic colli-
sions at low temperature can be attributed at least partly to the formation
of quasi-bound states of the complex. Indeed significant resonances in the
PB cross sections are present in the rotationally elastic cross sections but
absent in the rotationally inelastic cross sections, as observed in CO–He [19]
and more recently in HCO+–He [20] and H2O–H2 [9]. These resonances, as
those observed in the inelastic cross sections, occur when the collision energy
is transferred to rotation and the colliders are temporarily trapped in the
potential well. These effects are thus expected to vanish when the collision

3



The Random Phase 
approximation (RPA) 

¡ Within the RPA, the elastic contribution is ignored: 

 

   i.e. reorientation and dephasing collisions neglected 

¡  Line widths are obtained as simple sums of inelastic cross 
sections 

between the RPA, close-coupling calculations and broadening measurements
are presented in Sect. 3 for both water and carbon monoxide. Conclusions
are drawn in Sect. 4.
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those observed in the inelastic cross sections, occur when the collision energy
is transferred to rotation and the colliders are temporarily trapped in the
potential well. These effects are thus expected to vanish when the collision
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Validity of RPA ? 

¡ At low temperature, the 
elastic contribution 
(resonances) can 
dominate ! 

¡  Theoretically, RPA is 
expected to hold when the 
collision (or rotational) 
energy exceeds the depth 
of the potential well, i.e. 
about 300K  

H2S-He,  Ball & De Lucia PRL 1998  

VOLUME 81, NUMBER 2 P HY S I CA L REV I EW LE T T ER S 13 JULY 1998

along with pressure shift cross sections, as a function of
temperature in Fig. 3. Pressure broadening cross sections
above 20 K were measured by Flatin et al. [19] and
those below 20 K were remeasured for this study. The
remeasured cross sections are about 25% greater than
those reported by the previous study.
Figure 3(a) shows that, except at low temperature, the

pressure broadening cross sections behave as expected
from semiclassical theory. At high temperature �T .
200 K�, the cross sections are approximately constant, but
as the temperature is reduced the collisions do not have
sufficient Fourier components to excite rotational transi-
tions, and the cross sections decline. Figure 3(b) shows
that, below 40 K, the inelastic and pressure broadening
cross sections diverge, with the inelastic cross sections
being less than the pressure broadening.
In the absence of elastic collisions, Hoke et al. [20]

show that, for a two level system in sufficient thermal
isolation from other levels, s�T1� � 2s�T2� because
collisions which deplete one level necessarily populate the
other. In contrast, the low temperature data show that
s�T2� are larger by as much as a factor of 3, showing
the dominance of elastic collision processes in the low
temperature regime. The s�T1� may become larger than
the s�T2� at temperatures higher than 40 K, but we are
currently unable to measure them due to insufficient pump
capacity at these higher temperatures.
Quantum scattering calculations can, in principle, pro-

vide detailed insight into these results. Unfortunately, to
the best of our knowledge, an IMP for the H2S-He col-
lision system does not exist. However, it is possible to
use the well-studied CO-He system to illustrate the un-
derlying physics. Figure 4 shows theoretically calculated
CO-He pressure broadening cross sections as a function
of collision energy as well as all of the significant state-
to-state inelastic cross sections. The MOLSCAT routines of

Hutson and Green [21] and the IMP of Le Roy et al. [14]
were used in these calculations. The thermal average ob-
served in experiments has not been done so that a detailed
comparison of the underlying resonance structures is
possible.
The salient features of Fig. 4 follow. First, some of the

resonances associated with the quasibound states in the
pressure broadening cross sections can also be observed in
the inelastic cross sections. Second, there are significant
resonances (e.g., those at 1 and 3 cm21) in the pressure
broadening cross sections which are not associated with
inelastic collisions. Third, the upward inelastic rates have
low energy thresholds consistent with the conservation
of overall energy. Finally, the magnitudes of the cross
sections in the pressure broadening resonances are not the
exact sum of the inelastic rates and are often less than
the sum.
For the H2S-He system, there is the possibility of a

sparse, weak resonance in the cross sections, but this will
remain unclear until an H2S-He IMP is developed and
calculations are done with MOLSCAT. The best evidence
for an underlying resonance structure can be seen in
the pressure broadening cross sections, which show an
increase with decreasing temperature between 30 and
2.5 K, and the pressure shift cross sections, which are
largest in this region. Calculations show that appreciable
pressure shifts are also associated with the resonant
formation of quasibound states. H2S-He cross sections,
however, should exhibit fewer and smaller resonances
than in the case of CO-He because the H2S rotational
energy levels are more widely spaced and energetically
less accessible than in CO.
In conclusion, we have made the first measurements

of rotational inelastic cross sections for molecule-atom
collisions across the 1–40 K temperature range. The
experimental method is general and is applicable to a

FIG. 3. Rotationally inelastic [s�T1�—solid circles], pressure broadening [s�T2�—open squares], and pressure shift (open circles)
cross sections for collisions of H2S with He. Data are plotted on a linear scale in graph (a) to show the transition between classical
and quantum regimes, and on a semilogarithmic scale in graph (b) to more easily view the low temperature phenomena.
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Inelastic data  
for H2O and CO 

¡  Extensive sets of inelastic 
rates made available 
recently for H2O-H2 and 
CO-H2  
(Daniel et al. 2011, Yang et al. 
2010) 

 

¡ Data cover 5-1500K and 
2-3000K and include the 
lowest 90 levels of H2O 
and 41 levels of CO, 
respectively. 

¡  Ortho-to-para ratio of H2 
assumed to be 3: 

 

¡  Averaged velocity 

(0, 2, ...) while the levels of ortho-H2 have odd j2 values (1, 3, ...). Since the
ortho-to-para ratio of H2 in thermal equilibrium is equal to 3 above about
200 K (‘normal’ H2), the PB cross section at temperature T > 200 K of a
rotational line f ← i is computed as a sum of two contributions:

σPB(f ← i;T ) =
1

4
σPB
pH2

(f ← i, T ) +
3

4
σPB
oH2

(f ← i;T ), (2)

where, within RPA, the PB cross sections σpH2(f ← i;T ) and σoH2(f ← i;T )
are given by the sum of inelastic cross sections, e.g. for para-H2:

σPB
pH2

(f ← i;T ) =
1

2

[
∑

f ′ !=i

σin
pH2

(f ′ ← i;T ) +
∑

f ′ !=f

σin
pH2

(f ′ ← f ;T )

]
. (3)

It should be noted that the differences between para-H2 and ortho-H2 are
substantial at low temperatures for H2O [11, 23] while they are moderate for
CO [4, 24].

In practice, the Maxwell-Boltzmann thermal average inelastic cross sec-
tions, e.g. for para-H2:

σin
pH2

(f ← i;T ) =
1

kBT 2

∫
σin
pH2

(f ← i;Ecoll)Ecoll exp(−Ecoll/kBT )dEcoll

(4)
were approximated by:

σin
pH2

(f ← i;T ) ≈ kin
pH2

(f ← i;T )/v̄ (5)

where kin
pH2

(f ← i;T ) is a “thermalized” inelastic rate coefficient and v̄ is the
mean relative velocity:

v̄ =

√
8kBT

πµ
, (6)

with µ being the reduced mass of the colliding pairs. Eq. 5 above is expected
to be more accurate at higher temperatures (T ! 200 K) because the cross
sections do not strongly depend on the collision energy above the resonance
regime. The adequacy of this approximation has been tested by Gamache [31]
and it was found to reproduce the impact of the thermal velocity distribution
on the lineshape to within 30% over a wide temperature range. We note that
these thermalized rate coefficients do not depend on the angular momentum
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Water at low temperature 

Faure et al. JQSRT (2013) 
Experiment and CC calculations from Drouin & Wiesenfeld PRA (2012) 

10 100 1000
Temperature (K)

1

10

100

Br
oa

de
ni

ng
 p

ar
am

et
er

 (
MH

z/
To

rr
)

Exp
RPA 183 GHz

(220!313)

10 100 1000
Temperature (K)

1

10

100

Br
oa

de
ni

ng
 p

ar
am

et
er

 (
MH

z/
To

rr
)

Exp
RPA 380 GHz

(321!414)

10 100 1000
Temperature (K)

1

10

100

Br
oa

de
ni

ng
 p

ar
am

et
er

 (
MH

z/
To

rr
)

Exp
CC
RPA

556 GHz
(101!110)

10 100 1000
Temperature (K)

1

10

100

Br
oa

de
ni

ng
 p

ar
am

et
er

 (
MH

z/
To

rr
)

Exp
CC
RPA

988 GHz
(111!202)

10 100 1000
Temperature (K)

1

10

100

Br
oa

de
ni

ng
 p

ar
am

et
er

 (
MH

z/
To

rr
)

Exp
CC
RPA

1113 GHz
(000!111)

Figure 1: Broadening parameter (in MHz/Torr) as a function of temperature for 5 transi-
tions of H2O in collision with nH2. The experimental data (red circles with error bars) at
183 and 380 GHz are taken from Dutta et al. (1993). CC calculations (dashed black line)
and experimental data at 556, 988 and 1113 GHz are taken from Drouin and Wiesenfeld
(2012). The present RPA results are given by the solid blue lines.
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Water at « high » temperature 
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Figure 1: Broadening parameter (in MHz/Torr) as a function of temperature for 5 transi-
tions of H2O in collision with nH2. The experimental data (red circles with error bars) at
183 and 380 GHz are taken from Dutta et al. (1993). CC calculations (dashed black line)
and experimental data at 556, 988 and 1113 GHz are taken from Drouin and Wiesenfeld
(2012). The present RPA results are given by the solid blue lines.
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Experiment from Dutta et al. (1993)  



CO in low and « high » j 
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Figure 3: Broadening parameter (in MHz/Torr) as a function of temperature for 3 tran-
sitions of CO in collision with nH2. The CC calculations (dashed black line) and experi-
mental data (red circles with error bars) at 115 and 231 GHz are taken from Mengel et al.
(2000). The experimental data (red circles) at 576 GHz is taken from Dick et al. (2009).
The present RPA results are given by the solid blue lines.
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Figure 3: Broadening parameter (in MHz/Torr) as a function of temperature for 3 tran-
sitions of CO in collision with nH2. The CC calculations (dashed black line) and experi-
mental data (red circles with error bars) at 115 and 231 GHz are taken from Mengel et al.
(2000). The experimental data (red circles) at 576 GHz is taken from Dick et al. (2009).
The present RPA results are given by the solid blue lines.
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Experiment and CC calculations from Mengel et al. (2000) 
576 GHz measured by Dick et al. (2009) 



Modelling   
¡ Data include the lowest 71 (J<10) and 31 (J<31) 

levels of H2O and CO, respectively 

¡  For modeling purpose,our data were fitted using 
the standard relation 

 

¡  The fits were found to reproduce our data within 
10% or better 

¡  γ0  = [2.6 - 3] MHz/Torr and β= [0.5-0.7] for CO   

¡  γ0 = [1 - 3] MHz/Torr and β= [0.3-0.8] for H2O 

 

excitation level were beyond the scope of the comparative work presented in
Drouin & Wiesenfeld [9]. Therefore we report the experimental values here
to complete the published experimental data set and to provide further com-
parison data points for the RPA results. The data points shown in Fig. 2 are
those recorded in ‘normal’ hydrogen gas, where the ortho/para ratio is held
to its room temperature value of three. This data predominately represents
three parts j2 = 1 hydrogen to one part j2 = 0 hydrogen, although the j2 = 2
component is relevant at the highest temperatures. The experimental work
also included measurements of specially prepared ‘para’ hydrogen, which in-
cludes (at these temperatures) a statistical mixture of j2 = 0 and j2 = 2
hydrogen gas. All of this data is provided in the supplemental tables (A.1,
A.2 and A.3).

For these three transitions, the agreement between the RPA and the
measurements is within 20% and does not significantly change with increasing
temperature. This probably reflects the fact that the transitions displayed
correspond to relatively high lying levels (j ≥ 2) for which the RPA even
applies at low temperature, as discussed in Sect. 2.

In summary, the RPA combined with state-of-the-art inelastic rate coef-
ficients is found to reproduce the available H2O–H2 broadening experimental
data within 20–30% above about 200 K and a similar agreement is observed
at even lower temperature for high lying transitions. The above comparisons
also confirm once more the high accuracy of the H2O–H2 PES [27] employed.
The RPA was in practice employed with the full set of thermalized inelas-
tic rate coefficients computed by Daniel et al. [23] (see above), providing
broadening parameters for 228 water transitions in the frequency range 10–
20000 GHz, corresponding to energy levels lower than 1100 cm−1, and for
temperatures between 200 and 1500 K.

For modelling purpose, we have fitted our data using the standard rela-
tion:

γ(T ) = γ0(T0/T )
β, (10)

where γ0 is the broadening parameter at the reference temperature T0, taken
here as 296 K, and β is a constant. Equation 10 was found to reproduce
our data within 5% or better. The two fitting parameters (γ0 and β) are
provided in the supplemental tables which are also available on the ExoMol
website2. We emphasize that these fits are only valid in the temperature

2http://www.exomol.com.
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Extrapolation ? 
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Vibrational dependence? 
Water in exoplanets 2757
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Figure 3. Transmission of stellar flux through a water vapour-containing planetary atmosphere as a
function of the pressure of H2 at a notional fixed temperature of 1500K. (Online version in colour.)

Figure 2 shows the BT2 water absorption coefficients as a function of
temperature: they clearly do not follow a power law (equation (4.1)) as a function
of l as proposed by Shabram et al. [88]. The only opacity following a power law
as a function of l is the Rayleigh scattering, behaving as ∼ 1/l4. In contrast the
water cross section depends not only on temperature but also on pressure, figure 3,
and the curve of growth of spectral lines. Therefore, this simple approximation
does not necessarily apply, even for small regions of the water spectrum at a
single given temperature, as assumed by Shabram et al. [88]. As a consequence
equation (4.2) should not be used to calculate the transmission spectrum of an
exoplanet, as it is not physically meaningful for molecular opacities.
Figure 3 is an attempt to estimate the effect of pressure on the absorption

spectrum of water at elevated temperatures. These models used HITRAN 2008,
since this database unlike the other linelists discussed above contains pressure
broadening parameters. Models were performed at a single temperature, 1500K,
but for a range of pressures for constant water column of 10−5 km amagat. They
clearly show sensitivity to pressure effects particularly at long wavelengths where
the majority of transitions are due to rotational excitation. HITRAN pressure
parameters are actually for air (and self) broadening. There have been recent
attempts to extend these parameters to the higher levels encountered in hot
spectra [90,91], but work on line-broadening by H2 has largely concentrated
on low-temperature [92,93] and room temperature applications [94,95]. There
appears to be a clear need to extend this work to deal with high temperature
collisional broadening by hydrogen molecules. In the case of water, it would
appear that broadening of the pure rotational transitions is of particular
importance.
We have investigated the fraction of the stellar IR flux occulted by the planet

during the primary transit as a function of wavelength as predicted by our
simulations. For this, we simulated a planet similar to HD 209458b with an
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Ro-vibration vs. rotation 
¡  Ro-vibrational transitions have much lower inelastic 

cross sections:  

¡  Pure rotational cross sections do not strongly depend 
on the vibrational level: 

¡  As a result, the vibrational dependence is expected to 
be small: 

σin(f, vf ← i, vi;T ) " σin(f, vi ← i, vi;T ) (1)

σin(f, vi ← i, vi;T ) ∼ σin(f, v0 ← i, v0;T ) (2)

σPB(f, vf ← i, vi;T ) ∼ σPB(f, v0 ← i, v0;T ) (3)

Line Transition Frequency γ(H2) (MHz/Torr)
number (J ′K ′

aK
′
c) ← (JKaKc) (cm−1) Band Exp. Calc. Diff. (%)

1 101 ← 110 7182.20910 2ν1 3.282 2.776 15.4
2 202 ← 303 7181.15570 ν1 + ν3 - 2.728 -
3 212 ← 313 7182.94955 ν1 + ν3 2.872 2.680 6.7
4 303 ← 322 7175.98675 ν1 + ν3 2.923 2.623 10.3
5 515 ← 514 7165.21504 ν1 + ν3 2.690 2.180 18.9
6 660 ← 661 7185.59600 ν1 + ν3 1.696 1.313 22.6
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Ro-vibrational transitions  
in water at 1.39 μm 

¡ Accuracy of RPA similar to pure rotation transitions, i.e. ~25% 

¡  Small vibrational dependence in agreement with 
measurements by Brown & Plymate (1996) 

Line Transition Frequency γ(H2) (MHz/Torr)
number (J ′K ′

aK
′
c) ← (JKaKc) (cm−1) Band Exp. Calc. Diff. (%)

1 101 ← 110 7182.20910 2ν1 3.282 2.776 15.4
2 202 ← 303 7181.15570 ν1 + ν3 - 2.728 -
3 212 ← 313 7182.94955 ν1 + ν3 2.872 2.680 6.7
4 303 ← 322 7175.98675 ν1 + ν3 2.923 2.623 10.3
5 515 ← 514 7165.21504 ν1 + ν3 2.690 2.180 18.9
6 660 ← 661 7185.59600 ν1 + ν3 1.696 1.313 22.6

1

Experimental data are from Zeninari et al. (2004) at room temperature 



Conclusions 
¡  Present data should help in estimating 

abundances (and C/O ratio !) in exoplanets 

¡ Data available on the ExoMol website 
(ww.exomol.com) 

 

¡  Extension of data in progress (high J and 
vibrational bands) 


